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augmenting-paths(G = (V,E),s,t)

/* Ford and Fulkerson [FF56]
1. P10
2. While there is an (s,¢)-path p: s ~ &

A. Remove all of p’s edges from the graph.
B. Add the reverse of all of p’s edges to the graph.
C. Uncross p with previously selected paths, and add p to P.
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augmenting-paths(G = (V,E),s,t)

/% Ford and Fulkerson [FF36] */:--------------------T .................... - ........... e : How o (.om‘:u\‘\'ﬁ-
1P . Theorem 14.5 ([F'I'50]). Let G = (V,E) be a directed graph with m edges, and let -
. . 1 . g . . . H . S
2. While there o an (s, ) path 11~ &  s,t €V be distinct vertices. Let A be the size of the max-flow/min-cut from s to t. Then | @ mox ¥ o edge~digioil s~71 paths?
A. Remove all of p’s edges from the graph. 1 . . . .. 1
6. Add the revers ofall of 's edges to the graph. . augmenting-paths(G,s,t) produces both a maximum packing and a minimum cut '
C. Uncross p with previously selected paths, and add p to P.3 : in O(ml) time. :
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4. Return the (s,¢)-path packing P and the (s,¢)-cut 9*(S).
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Exercise 18.5. Let G = (V, E) be a directed graph with integer edge capacities
c: E — N. Let each edge be assigned a color red, white, or blue. Recall that an
American walk is a walk where the edges alternate red, white, blue, red, white, blue,
... Here there first color may be any color; all that matters is that we keep cycling
though the colors patriotically. Given s,t € V', consider the problem of computing
the size of a maximum packing of American (s, t)-walks.

(Here the definitions are just like for (s,t)-paths. A “packing of walks” is a
collection of walks that, for each edge e, uses the edge e at most as many times as its
capacity. The “size of a packing” refers to the number of walks.)



Exercise 19.8. Recall that in chess, a rook (E) is a piece that can move horizontally
or vertically as far as it wants. (It cannot move diagonally.) We say that a rook on a
particular square is attacking another chess piece at another square if the rook can be
moved horizontally or vertically from its square to the square of that chess piece.

Consider the following problem which we call the “n-rooks problem”. At a high
level, there is an n X n board where some of the squares have been marked off as
“unavailable”. The remaining squares are “available”. The goal is to place n rooks
in the available squares so that none of the rooks are attacking each other. We call
this a “non-attacking placement” of the n rooks. (While rooks cannot be placed on
unavailable squares, they can still move over unavailable squares to attack other pieces
on the other side of unavailable squares.)

Below we draw a non-attacking placement of 4 rooks on a 4 x 4 chess board.
Unavailable squares are marked by X. Rooks are marked by Z.

X | B X
| X | X|X
X | B
X X | 2
Formally, the input consists of an n x n bit-array A[l..n,1..n] € {true, false}"™",
where Ali, j| = true indicates that square (7, ) is available, and A[i, j] = false

indicates that square (¢, ) is unavailable. The goal is to decide if there is a non-
attacking placement of n rooks in the available squares. For this problem, either (a)
design and analyze a polynomial time algorithm (the faster the better), or (b) prove
that the problem is NP-Hard.



Exercise 19.3. Suppose we are given two-dimensional array A[l..m][1..n] of non-
negative real values such that each row and column sum is an integer. We want to
round A to an integer matrix, replacing each entry z € A with either [x]| or [x],
while maintaining the sum in any row or column of A. For example,

1.2 34 24
3.9 40 2.1| rounds to

4
4
7.9 1.6 0.5 1

0 W =
N DN

Consider the problem of computing such a rounding, or declaring that none exists.
For this problem, either (a) design and analyze a polynomial time algorithm (the
faster the better), or (b) prove that the problem is NP-Hard.



