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Addingtwobits flx.xz.xz.at jhetwI3Boolean logic XyETRUEFALSE 1,03

x andy Xly
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n I Ias a tree V
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SAT ProgrammingLanguage

Boolean Satisfiability
Input Boolean formula 96 x.mn

n variables size m

e.g 918 I 0,0 n 1,17 8x andy Xly
x or y XVY

or x

6091 decide if 4 is satisfiable
not x I i.e isthereexistsx xz m xnE0,23

sit 66 xz m Xn 1
bothtrueorbothfalse

A Z X CAVEAT searchproblem we can recognize an

ifxtheny
elseza

Menorca.z

xAyVxAz we see it byevaluating 67

so Booleanalgebra expressy

I assignment x when

at theveryleast we can try all x
harder searchproblem than overunder
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Booleanlogic XyeTRUEFALSE 1,0
Boolean Satisfiability xandy XAY

Input Boolean formula 9 x xz m Xn in com

n variables size m remit

e g 9C I 0,0 m 1,1 as a tree v

X X x ̅GoalT.tt Bfilfee isfesssii ih o.az addingtwobits

Issit there ma polynomial time alf 543m
fly2,734 x 1 21314

V66ma
searchtfrobfemde.ahwe.sc insfirEc'digitize an Navami

answer e.g satisfying assignment x when

we see it by evaluating 67 viii

at the very least we can try all
SAT ProgrammingLanguage

harder search problem than over under
















































































CNF ConjunctiveNormalForm CNFSAT ProgrammingLanguage

and of or's x andy Xly

inflx m Xn

caravan remain ex
ÉÉiÉÉ
EVENT AXVEAx ̅CNF7SATproblem

S Emula
f inCNFdecide

zvzhczvanxvzncxv.it

I em IIII
Moremodest Question xVxÑ̅CyVxN̅XVzACXVZ
Is there a polynomial time algorithm CyVxN̅XVzACXVZ
for CNF satisfiability SoCNF is alsoveryexpressive

Theorem there is apoly timealgo for
BooleanSAT if there is a poly time algo 23 1

a

for CNF SAT 21 22

I
x ̅ix 1

24 25 V
2 6,1 2
















































































more special case 3 SAT

ke CNF SAT except w exactly 3 variables in a directedacyclicgraph

er clause
gates takesomeinputsbitsoutput1bitiii IIIT

Ot andgate
alsooutputgateÉÉÉaEÉÉÉnc v un OF notgate

inputgate

Circuit SAT
Theorem there is a poly timealgo for given a circuit decide if it
BooleanSAT iff there is a poly time algo issatisfiable
for 3SAT

Theorem there is apoly timealgofor
BooleanSAT iff thereis a poly timealgo

Conclusion for Circuit SAT

Wewant butdon't havepolynomial time algos for

BooleanSAT CNFSAT 3SAT or CircuitSAT

Butwe do know they are equivalent up to

polynomial time
















































































2 SAT PolytimeAlgoHardasSETAbstain

keCNFSAT except w exactly2 variables 2SAT 66 44 2er clause

x mint clause Txhisxsx ̅ Max2SAT 60 35 5
xV72 1 x ̅Vx2 1 x2Vx3̅ 1 x3Vx4̅ 1m

a cause carous isE.itiiiiiiiii.isintroducenew variable yMax 2SAT

like 2SAT exceptgoal isto satisfy if ij.itEcevas iiiii c

maximleessathypber ofclauses y avy buy cry

Is there a polytimealgo forMax2SAT

Implicationgraphlet C be asinkSCC vertexforeachXi x ̅
Complement is a sourceSCC why forclause avo

No Ii Iii
Assigncallliteralsin C true false

directedcyclewx.ae neomtienaryieerats

Remove CandCandrecurseon
remainingsee's IIII.IE IIiii

heyidea assigningsinkstobetrue each.fi e temIse ges
sources tobefalse

doesnotviolate anyedges








































































































absetSum coatsindasuosetosxistnatsumtoaeasionversionaeaaeissnaasuosee.am

exists

implies a polytimealgo forSAT e.g14.13x7,18isnoan.iosanput X Xz M X EIN TEN

e y y g g

IIIxn.az I.An.ttn
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3 SAT instance EEE Edecisionversion decideifsucha subsetsumexists x XanXpEIN
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7 52
Inother search problem YesNofor
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PolytimeAlgoHardas 557 Abstain Ten Sum

70 30Subset O Keyidea numbers arebitstringstoo usemanydigits
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sum
Input xx newcoalfindasubsetofxisthatsumcaecisionversionaaaeissnaasuosa.me

usemanydigitseachdigitencodes 1 constrainte.g14.13.77.1818.10.4sa
DynamicProgramminga subsetsum ssatinstance xInput xx new sexmxnscx.vxzr.sn

coalsindasuosetosxistnatsumtotaeasionversionaeaaeissnaasuosee.am

existsecursiveSpec
Tsae.g14.13.77.1818noa io we use mtn digitsbase4
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for theliteralXjofXi mXn summingtoS andFALSEotherwise 1Recastsatassubsetpro
A 0 I É I o o ng o x literalsxnxx.a.mx

clauseixveuxset ataxImplementation
MY Ff Id

Goalfindsaxsit
aforeachclausescinsojiff

It s o thenreturnFalse Ont subproblems
not

If 5 0 thenreturnTRUE foreachclause Ci set Cith digitto 1 if xjECiIf no then returnFALSE else 0

set xjthdigit to 1 else 0








































































































today longestÉaiñ problem
findthe length the

Longestwalk in DAGS

py Recursion
longestpath in G

y
p LW length of LongestWalkfrom v

amiltonianpath 7

pathvisitingallvertices p LWC 0 if vis a sink v x ̅
1 5h It v 1 2 w

LWCw otherwise wa
oes 6 have a Hamiltonianpath

Runningtime w cachingelatedproblems longestwalk shortestpaths

today longest iii problem
timeforLW v H dégÑ mtn

Three settings
1 DAG ii iii iii

pay
II.fiIflfff n2 Directed Hamiltonianpath t.gs it sa s

3 undirected action
us I iiidoes6havea Hamiltonianpath
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yes no
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Independent set

Input undirected G V E

optionally weights w VIR o

SEV is independent if no
wives are connected by an edge
Goal Max weight independent set
decisionversion isthereanindependentset ofweight I k

pecial cases

j

f

intervals

independent non overlapping








































































































nput undirected G V E intervals
optionally weights w VIR

EV is independent if no
iii

iii
wives are connectedby an edge

decisionversion isthereanindependentsetofweight k

Hard Polytime
as SAT algo Abstain

graphs
Independent
set in intervals

trees








































































































Independent setTheorem A polytime algo for max Input undirected G VE
unweighted optionally weightsw Ro
cardinality independent set implies a

solytime algo for SAT SEV is independent if no
uves are connectedbyan edg

Proof setup IE's

3 SAT instance

flxyn.tn xVXzVXz 1m

there is isn't an Independent
independent set Setof size k








































































































Goal transform 3 SAT instance

fly Xn xVXzVXz 1m

sit size of max indep set informs satisfiability of f

f is
satisfiable

there is indep
eg set of size k

for some kTBD

deas








































































































clause gadgets s.it I
iiiiiinSATGraphs say g

thereisindep
set of sizek

forsomekTB
like vertices

clauses triangles

avbve overd

i c

pter se
pter se

6 a a d
can'ttake

a TRUE and a FALSE








































































































s.EE iiiiiiin
satEsable

thereis indep
set of sizek

forsomekTB
SAT Graphs

autre 6VEVÑ A aVcVd 1 aVTVd line vertices

clauses triangl

a c
avbve over
E E

6 If a
set

anyone
aTrueanda FALSE

I

m clauses m triangles








































































































3 SAT instance

claim f is satisfiable iff there stx.mx lxvxzvxinm

is an independent set of size m
satisfiable

thereis indep
set ofsizekwherem isthe of clauses

forsomekTB
SAT Graphs

roof 7 Suppose f is satisfiable HE vertices

clauses triangl
avbve over
E

6 I a a I
can'ttake

aTrueanda FALSE

autre 6VEVñACaVeVdACaVEV
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a
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claim f is satisfiable ifs there s.it I i i iIn
is an independent set of size m

satisfiable
thereis indep
set ofsizekwherem isthe of clauses

forsomekTB
SAT Graphs

roof Suppose there is an independent set HE vertices

of size k clauses triangl
avbve over
E E

6
Fer

a a I
can'ttake

aTrueanda FALSE

autre 6VEVd ACaveVdACaVEV

c
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Independent setTheorem A polytime algo for max Input undirected G VE
unweighted optionally weightsw Ro
cardinality independent set implies a

solytime algo for SAT SEV is independent if no
uvESare connectedbyan edg

700 Se
Goal maxweightindependents

Up auque ay y

decisionversionisthereanindependentsetofweightk

E

6 a
3 SAT instance

flxyn.tn xVXzVXz 1m

claim f issatisfiable iffthere
isanindependentset Ef.IE

there is isn't an Independent
independent set Setof size m








































































































independent set special cases

input undirected G V E intervals
optionally weights w IR

EV is independent if no
u veS are connectedby an edge independent non overlappin

out max weight independentset
independent we

f
Hard Polytime
as SAT algo Abstain

graphs
Independent
set in intervals

trees








































































































Maximum weight independent set of intervals
independent non overlapping

2 1 2 2 3
2 1 3 6

4 2 2 5

ideas








































































































Maximum weight independent set of intervals
independent non overlapping

2 1 2 2 3
2 1 3 6

4 2 2 5

Recursive spec for a family of weighted intervals I
MWIS I max weight of any independent subset of I

I intervals disjoint from I








































































































Maximum weight independent set of intervals
independent non overlapping

2 1 2 2 3
2 1 3 6

4 2 2 5

recursive spec for a family of weighted intervals I
MWIS I max weight of any independent subset of I

Implementation Running time
MWIS I T n 2T n 1 OCD 2
1 if I return 0 how to make this faster
2 let IEI be any interval
3 return max of

a MWIS II I

6 weight I MWIS I w intervals disjoint from I








































































































Idea make problem sequential by sorting intervals

2 2 5 1 7 2 11 2 12 3
1

2 4 1 6 3 9 6
8 10 13

4 2 2 53

let I Ta 6 Iz az.bz m In an bn number the

intervals in increasing order of left endpoint a

Recursive spec

MWIS K max weight of any indep subset of Ik In








































































































2 2 5 1 7 2 11 2 12 3
1

2 4 1 6 3 9 6
8 10 13

4 2 2 53

let I Ta 6 Iz az.bz m In an bn number the

intervals in increasing order of left endpoint a

Recursive spec
MWIS K max weight of any indep subset of Ik In

implementation

MWISCK

0 if k n

let l k be index of first interval disjoint from Ik

Max MWIS KH

weight Ik Mwise otherwise








































































































1 2
4 25

Recursive spec 4

let I Ta 6 Iz tazb m In anbn numberthe
MW S K max weight intervals inincreasing order ofleft endpointai

of any indep subset of Ik In

Implementation

MWIS K

0 if k n

let l k be index of first interval disjoint from Ik

Max MWIS KH

weight Ik Mwise otherwise

Running time w caching

5








































































































1 2
4 25

Recursive spec 4

let I Ta 6 Iz tazb m In anbn numberthe
MW S K max weight intervals inincreasing order ofleft endpointai

of any indep subset of Ik In

Implementation

MWIS K
binary search0 if k n

let l k be index of first interval disjoint from Ik

Max MWIS KH

weight Ik Mwise otherwise

Running time w caching

O n logn to sort

n subproblems O log n time per problem








































































































nput undirected G V E intervals
optionally weights w VIR o

EV is independent if no
iii

iii
wives are connectedby an edge

decisionversion isthereanindependentsetofweight k

Hard Polytime
as SAT algo Abstain

graphs r

r
Independent
set in intervals

trees








































































































MWIS in trees

ideas








































































































MWIS in trees

ideas

how to order subproblems








































































































Boot it

O

4

subtree
subproblem








































































































0Zecursive Spec

MW SCV MWIS of the subtree rooted at v

Recursive implementation








































































































0Zecursive Spec

MWISC excited_root I
MWIS of the subtree rooted at v excluding
if exclude root is true

Recursive implementation Running time

MWIS V exclude root
ELMIE

if exclude root then return sum of

MWIS x false over all children of v Of fffren

else return max of MWIS v true
n

and weight v Σ MWIS x true
children
















































































Graph Coloring

Goal color vertices so that no adjacent vertices have

the same color w minimum of colors

decision version does Is colors suffice

In k coloringproblem k is a fixed constant

Theorem 3 coloring is NP hard
















































































Theorem 3 coloring is NP hard

High level approach

3SAT subset 3 coloring 3 coloring

Subset 3 coloring
for each vertex v subset Sv 1,2 33 of colors allowed

for v
1,2

2,33

19135

2,2
2,3

1,33
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for 3 coloring implies 2,33

193
polytime algo for subset 3 coloring 2,2

2,3
1,33

2,3
1,2

2,2
2,3

1,33

Yes no
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex v subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for 3 coloring implies 2,33

4193
polytime algo for subset 3 coloring 2,2

2,3
1,33

ideas
12,33

2,23

I 2.3

Yesno

1,2
2,33

19155

2,2
2,3

1,33
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for 3 coloring implies 2,33

EEE
polytime algo for subset 3 coloring 2,2

2,3

color palette 71142,43 must 4,33

havedistinct
12,33

2,23

Colors
a 2.33

Y
Yesno

1,23
2,3

2,2
2,3

1,33
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex v subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for 3 coloring implies 2,33

4193
polytime algo for subset 3 coloring 2,2

2,3

color palette 4142,43 must 4,33

havedistinct
12,33

2,23

w og y has color 1
s
iY

2 Yesno

3

s
11,23m

12,23m
2,33m

1,33m
















































































3 coloring on

subset 3 coloring on
KB

11,23m

EYE
12,23m

2,33m

1,33m
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex v subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for 3 coloring implies 2,33
19723

polytime algo for subset 3 coloring 2,2
2,3

1,3

333
1423 m

hm
1935

12,23m

2,2 2,33m

2,3 1,33m

1,33

Yes no
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex v subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for 3 coloring implies 2,33
19723

polytime algo for subset 3 coloring 2,2
2,3

1,3

233
1423

may
1mm

1955
12,23m

2,2 2,33m

2,3 1,33m

1,33

Yes no
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for subset 3 coloring 2,33

implies polytime algo for 3 SAT
2,2

2,3
1,33

3 SAT 1,23
2,33

flx.im Xn
XVXzVX3 1 12,23

2,3

x ̅ VIV g Am 1,33

Yes no

subset
3 coloring
















































































Subset3 coloring

3 SAT 1,2 foreachvertex v subsetSv 1,2
2,3 ofcolors allowed forv

flx m Xn 2,33

1193x ̅ VXzVx3̅ 1 12,33
2,3 2,2

2,3x ̅ VxV̅Xz A 1,33 1,33

deas
















































































3 SAT 1,2
Subset3 coloring

2,3 foreachvertex v subsetSv 1,2
f x m Xn ofcolors allowedforv

1,2
2,33

x ̅ VXzVxz̅ A 2,23
2,3

x ̅ Vx2̅VXz A 1,3 2,33

1,33

Convenient to name colors

T True
F False
N Neither
















































































3 SAT 1,2
Subset3 coloring

2,3 foreachvertex v subsetSv 1,2
f x m Xn ofcolors allowed forv

2,3

x ̅ VXzVX3 A 2,23
2,3

x ̅ Vxz̅VXz A 1,3 2,33

1,33

name colors
variables T TrueAj Aj F False

N NeitherXj T F T F

interpretation Xj Aj color
x ̅ Aj color
















































































3 SAT 1,2
Subset3 coloring

2,3 foreachvertex v subsetSv 1,2
f x m Xn ofcolors allowed forv

2,33

x ̅ VXzVxz̅ A 2,23
2,3

x ̅ Vx2̅VXz A 1,3 2,33

1,33

name colors
clauses T True

F False
T N Neither

T.IN variablegs
ggT.IN Xj TF TITX Vx2̅Vxz IF

T.IN T.TN

A A2 Az
















































































Subset3 coloring

Idea or gadget foreachvertex subsetsv 2,2
ofcolors allowed for

1,23
2,33

IF ME
C

2,2
2,3

o trueT.IN TEN name colors
possible iff aV6 False T True

F False

a 6 N Neither

Proof
varia.tl

T F
C TF TT

clauses T

T.IN T.IN
xVx2̅Vxz TÉ

ens

A A2A3

False False forces c False
















































































Subset3 coloring

Idea or gadget foreachvertex subsetsv 2,2
ofcolors allowed for

1,23
2,33

IF ME
C

2,2
2,3

trueT.IN TEN name colors
possible iff aV6 False T True

F False

a 6 N Neither
variat

AjT XjX Vxz̅Vxz TF TT
T.IN

T.IN clauses T

T F
combines xVxz̅Vx3 ÉÉ

ens

2 V gadgets A A As

A A2 Az
















































































Subset3 coloring3SAT subset 3 coloring 3 coloring foreachvertex v subsetsv 2,2
ofcolors allowed for

1,23claim polytime algo for subset 3 coloring 2,33

implies polytime algo for 3 SAT
2,2

2,3
1,3

ii.itiiiI.iiiiii3 SAT
2,3

1,2

flx.im Xn
XVXzVX3 1 12,23

2,3

x ̅ VxV̅Xz A 1,33

Yes no

subset
3 coloring







