































































Subset Sum and the

secret language of numbers


































































Addingtwobits fixxzxz47 8 11 734Boolean logic XyE TRUEFALSE 1,03
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Boolean SatisfiabilityX X X X
Input Boolean formula 96 x.mn

SAT ProgrammingLanguage n variables size m

e.g 918 I 0,0 n 1,17 8x andy Xly
x or y XVY

or x

6091 decide if 4 is satisfiable
not x I i.e ifthereexists x xz m xnE0,23

sit66,212,2Xp 1
bothtrueorbothfalse

A Z X CAVEAT searchproblem we can recognize an
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elsezu
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so Booleanalgebra expressy

I assignment x when

at the very least we can try all x
harder search problem than over under
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Booleanlogic XyeTRUEFALSE 1,0

Boolean Satisfiability x andy Xly

Input Boolean formula 9 x xz m n in É corn

N variables size m XOR exclusiveor trueist

56,727 6,175 VG Az

e.g 918 I O O m 1,17 8 as a tree v

Goal
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answer e.g satisfying assignment x when
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SAT ProgrammingLanguage
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at the very least we T d
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CNF ConjunctiveNormalForm CNFSAT ProgrammingLanguage
x andy Xlyand of or's HIIIII xox xx

fix pink gauge not x I or x

Evarts ACEVEDA Guam z x ÉÉÉÉÉii
ZVEAIDACXVEAT

CNF SAT problem ZVETAEVITAGUJAGUIT
Given booleanformula f in CNF decide

ZVI A XVzif f issatisfiable
if x theny
else City

Moremodest Question xVIACyVxTACxVzIACxVz
Is there a polynomial time algorithm CyVxTACxvzIACxVz
for CNF satisfiability So CNF is also very expressive

Theorem there is a poly time algo for lyBoolean SAT if there is a poly time algo 2355g
for CNF SAT Zi ul

Éx I 44 ITXZF A
lI

canes sI EY


































































Booleanlogic XyeTRUEFALSE 1,0

x andy Xly

ike CNF SAT except w exactly 3 variables
jiffyCNF ConjunctiveNormalForm

per clause and of or's

d T

g

fix mintto Grave icÉÉÉÉ remain
CNF SATproblemI I Ix 14 a
Given booleanformulaf inCN

CNFSATProgrammingLanguag

I Vaz V5 1ÉÉÉÉ A Gravy n ex Ei i

f x tin

gunman
I eny I IIIIs there a polytime algo for 3 SAT

Theoremthereis apolytimealgof
BooleanSAT iffthereis apolytime
for CNFSAT
LemmaThere is a polytime algo th
given a booleanformula fly n xn
size m computes a CNFglx xpTheorem there is a poly time algo for p O mtn variablesandsize0cm s

f is satisfiable g issatisfiableBoolean SAT iff there is a poly time algo
for 3 SAT


































































definition

y logical gatesarranged as vertices

in a directed acyclicgraph
e g circuits

inERI
exclusiveor Addition

gates take some inputsbits output 1 bit

Ot andgate
also outputgate

54 27 1 42V E 1 2 ftp.xaxz x jyty 3 4 OF notgate

inputgate

Circuit SAT

given a circuit decide if it

is satisfiable

Theorem there is a poly time algo for
Boolean SAT iff there is a poly time algo
for Circuit SAT


































































Conclusion

We want but don't have polynomial time algos for

Boolean SAT CNF SAT 3 SAT or Circuit SAT

But we do know they are equivalent up to

polynomial time


































































Booleanlogic XyeTRUEFALSE 1,0
2 SAT x andy Xly

YijingCNF ConjunctiveNormalForm

and of or's

ike CNF SAT except w exactly 2 Variables

per clause
u v V

CNF7SATproblem

x Vance Vail Cava Alava inYusef Xz XT X2 X2Xz 73 4

decide if f issatisfiable
CNFSATProgrammingLanguag

z x EI titis

d

gym

VI A VzMax 2 SAT if x theny
else atty

Theoremthereis apolytimealgof
BooleanSAT iffthereis apolytime
for CNFSAT

g

maximum number of clauses LemmaThere is a polytimealgo thnotnecessarily all
given a booleanformula fly n xn
size m computes a CNFglx xp
p O mtn variablesandsize0cm s

f is satisfiable g issatisfiableIs there a polytime algo for Max 2 SAT Theoremthereis apolytimealgof
BooleanSAT iffthereis apolytime


































































Polytime Algo Hard as
15T Abstain

2SAT 43 4

1

Max 2 SAT 22 76

1 83 2


































































Implication graph
vertex for each Xi I
for clause a v6Complement E is a source SCC why
a 36 6 a

a TRUE GTRUE ETRUE aTRUE

E MA e xVa AGIVINGVIDACEVID III ATVxDACEV
X

Eva
Xzi

I Tva

Assign callliterals in C true false directedcycle w x.ae am dHer
all literals inSCChavesameassignme

Remove C and E and recurse on x t

5 we
X ve y

I É
each Scc C has complementSCCEremaining SC's
w negated literals reversededge

Sey idea assigning sinks to be true

sources to be false

does not violate any edges



















































fix a clause g v f u c
Theorem A polytimealgorithm for max sa s
implies a polynomialtime algorithm for SA

54mn xVaughn
2 SAT instanc

gtxmx CxVxz
introduce new variable y YesNo

gg
consider the 10 clauses max

satisfied
clauses

a 6 Ca CaV5 Eve Eva

y Cavy Guy Levy


































































Theorem A polytime algorithm for max 2 SAT

implies a polynomial time algorithm for SAT

3 SAT instance S2 SAT instance
x Xn xuxzV z Am gear xp x v 2 1

Yes No

Max aiVy 1 aVy
satisfied Max 2 SAT instance

S2 SATclauses glx.ir xp xVx2 1

k

max Maxsatisfied 2 SATclausesing


































































e g Making change

93 cents quarters

dimes

nickels

pennies


































































Subset Sum

Input X X2 Xn EIN TEIN

Goal find a subset of Xi's that sum to T
decisionversion decide if such a subset sum exists

e.g 14 13 17 7 18 18 10 4 11 10

7 52

Another search problem
CNF

Polytime Algo Hard as SAT Abstain

Subset
Sum


































































Subset Sum

Input X Xz
M X E IN

Goal find a subset of Xi's that sum to T
decisionversion decide if such a subset sum exists

e.g 14 13 17 7 18 18 10 4 11 10

7 52

Ideas for algorithms


































































SubsetSum

Input X x2 M X EIN

Recursive Spec Goal find a subsetof Xi'sthatsumto
decisionversion decideissuchasubsetsumexists

SubsetSum e.g 14 13 17 7 18 18 10 4 11 I
7 52

SS x m xn T

TRUE if there is a subset of x mxn summing to T

and FALSE otherwise

Implementation

SS x m Xn T

1 If TSO then return FALSE

2 If 7 0 then return TRUE
3 If no then return FALSE

4 Return 554 2 Xn T V55 X2 m Xn T X

Running time Tn Ten 17 047 062


































































DynamicProgramming Subsetsum
Input X X2 XnEIN
Goal

Recursive Spec eg 1 52 7 7
18 18 10 4 iSubsetSum

SS i 5 TRUE if there is a subset

of Xi m Xn summing to 5 and FALSE otherwise

Implementation Running time

SS i 5 O nT subproblems
1 If 5 0 then return FALSE

011 time persubproblem2 If 5 0 then return TRUE
3 If isn then return FALSE

O nT time overall4 Return SS itl 5 V SS it S x


































































Subset Sum

Input X Xz
M X E IN TE IN

Goal find a subset of Xi's that sum to T
decisionversion decide if such a subset sum exists

e.g 14 13 17 7 18 18 10 4 11 10

7 52

Polytime Algo Hard as 557 Abstain

Subset
Sum


































































SubsetSum

Input X X2 XnEIN

Running time
a ie h aEissYn

e.g 14 13 17 7 18 18 10 4 11 I
7 52

RecursiveSpecNT subproblems i s True if thereis a subset
of x mXnsummingto5 FALSEotherw

OCI time persubproblem Implementation

IS slothenreturnFALSE
2 If 5 0 then returnTRUENT time overall 3 If no then returnFALSE
4 ReturnSS it 5 VSS it 5 x

Runningtime
O NT subproblems
OCI timepersubproblem

T takes log T bits to write down ont timeoverall

what if T 2n

Shxt Any other ideas


































































SubsetSum

Input X X2 XnEIN

Can we instead show that coal ir n

e.g 14 13 17 7 18 18 10 4 11 I
7 52

Subset Sum is hard as SAT Recursivespec
5s i 5 True if thereis a subsé
of x mXnsummingto5 FALSEotherw

ImplementationUnlike previous problems Subsetsum
IS slothenreturnFALSE
2 If 5 0 then returnTRUElooks nothing like SAT m 3 If no then returnFALSE
4 ReturnSS itl 5 VSS it S x

Runningtime
O NT subproblems
OCI timepersubproblem

O nT timeoverall

T takes logT bitstowritedo

Theorem A polytime algo for subset sum

implies a polytime algo for SAT


































































SubsetSum

Input X X2 XnEINTheorem A polytime algo for subset sum coal

e.g 14 13 17 7 18 18 10 4 11 1implies a polytime algo for SAT 52

roof setup
3 SAT instance

Xi X2 m Xp IN
5 x Xn xVXzVXz Am TEIN

Yes No for SubsetXi X2 m XpEIN
TEIN Sum

ley idea numbers are bit strings too
use many digits
eachdigit encodes 1 constraint


































































SubsetSum

ley idea numbers are bit strings too Input x.in new
Goal Either ask I

use many digits each digit encodes 1 constraint eg 14 13 17 7 18 18 10 4 11,1
T 52

E
1 Recast 3SAT as subset problem

subsetliterals x ̅ x2 x ̅ xn In E sum

clause x Vxz̅Vx3 set x xz̅ CX

Goal find SCX sit

a for each clause Ci Cin5 0

6 for each Xj S contains exactly 1 of Xj Xj


































































SubsetSum

ley idea numbers are bit strings too Input x.xam.mn
Goal

ie hdec is IathIeIxIs
use many digits each digit encodes 1 constraint e.g 14 13 17 7,18 18 10 4 11,1

7 52

2 Start making s si Iiiiiii x

we use mtn digits base 4
jth Subset11 sumfor the literal Xj

1 Recast 3SAT as subset proble

Aj 0 1 1 0 Off 0
literals x x ̅ x2 x ̅ m.xn.tn

clause xVxV̅x3 set x ̅ 33C

mg.de
s Goal find SCX sit

m slots for n slots for a foreachclauseCi Cin5 0

each clause each variable
6 foreachXj scontains of x

not xj
1 if xjECifor each clause Ci set Cith digit to
0 otherwise

set xjth digit to 1 else 0


































































SubsetSum

ley idea numbers are bit strings too Input x.xam.mn
Goal

ie hdeIis IathIeIxIs
use many digits each digit encodes 1 constraint eg 11,13

1 7,18 18 10 4 11,1

2 Start making s si iii in x

we use mtn digits base 4
Subset

similarly for the literal g Eti sum

1 Recast 3SAT as subset proble

F 0 1 1 0 Off 0
literals x x ̅ x2 x ̅ m.xn.tn

clause xVxV̅x3 set x ̅ 33C

mq.de
s Goal find SCX sit

m slots for n slots for a foreachclauseCi Cin5 0

each clause each variable
6 foreach scontains of x

not

for each clause Ci set Cith digit to
1 if xj̅ECi10
otherwiseelse 0

set xjth digit to 1 else 0


































































SubsetSum

ley idea numbers are bit strings too Input x.xam.mn
Goal

ie hdec is IathIeIxIs
use many digits each digit encodes 1 constraint e.g 14 13 17 7,18 18 10 4 11,1

7 52

Literals Long s a siiiiiin xxE

enXEx X m Xn E A A An An
T.EE E Subset

Sum

Set SCX D ΣAj ΣA
1 Recast 3SAT as subset proble

XjES xj̅ES X literals x x ̅ x2x2 xn.tn
clause xVxV̅x3 set x ̅ 33Cconstraint i constraint Ci Goal find SCX sit

Cins Cith digit of D 1 a foreachclauseCi cins
6 foreachXj Scontains of x
2 Start making s
we use mtn digits base4

variables Xj variables 5 for theliteral x

Kx x ̅ 3051 1 Xjth digit of D 1
in i FIF

for eachclause Ci set Cith digit
1 if xÉÉ else 0
set xjthdigit to 1 else 0still one key diff from subset sum similar for the literal x ̅


































































SubsetSum

ley idea numbers are bit strings too Input x.xam.mn
Goal

ie aEis IathIeIxits
use many digits each digit encodes 1 constraint e.g 14 13 17 7,18 18 10 4 11,1

7 52

Literals Long s si iiii.in
x x ̅ m Xn X A A An An

T.EE subset

Sum

Set SCX D ΣAj ΣA
1 Recast 3SAT as subset proble

XJ.ES xj̅ES X literals x x ̅ x2x2 xn.tn
clause xVxV̅x3 set x ̅ 33Cconstraint i constraint Ci Goal find SCX sit

Cins Cith digit of D 1 a foreachclauseCi cins
6 foreachXj Scontains of x
2 Start making svariables Xj V95 les XJ infer emittneradigxit.gs

base4

Kx x ̅ 3051 1 Xjth digit of D 1 iemi
for eachclause Ci set Cith digit

want to replace w
I isx.EE else 0
set xjthdigit to 1 else 0
Similar for the literal x ̅


































































SubsetSum

Input X X2 XnCIN

constraint i constraint Ci Goal
ie E is.IiaII is

e.g 14 13 17 7 18 18 10 4 11 ICins Cith digit of D 1 sa
3 SAT instance PEN
fly Xn xVXzVXz1m

How to fix
subset

Sum

1 Recast 3SAT as subset proble
literals x X X2X Xn In

clause xVxz̅Vx3 set x x ̅ 33C
Goal find SCX sit
a foreachclauseCi Cin5 0
6 foreachXj 5contains of x
2 Start making s
we use mtn digits base4
for theliteralXj
A O 1

ÉÉm

for eachclause Ci set Cith digit
1 if xjÉÉelse 0
set xjthdigit to 1 else 0
Similar for the literal x ̅


































































SubsetSum

Input X X2 XnEIN

constraint i constraint Ci coal Easier c

e.g 14 13 17 7 18 18 10 4 11 ICins Cith digit of D 1 7 52

so Iiiiign EYE

Easy fix free padding
1,1 subset

Sumfor constraint Ci create two copies of
1 Recast 3SAT as subset proble

literals x x ̅ x2x2 XnIn

B 00 m 0100 0 clause xvxV̅x3 set x x ̅ 33C
Goal find SCX sit
a foreachclauseCi Cin5

Cith digit 6 foreachXj Scontains1 of x
2 Start making s
we use mtn digits base4
for theliteralXjlets you increase Cith digit by 1 or 2
A 0 1 55 1 0 0

may ÉE
for eachclause Ci set Cith digit
1 if xÉÉ else 0
set xjthdigit to 1 else 0
Similar for the literal x ̅


































































SubsetSum

ley idea numbers are bitstrings too Input X X2 XnEIN

use many digits each digit encodes 1 constraint
00 ie Tecia

s Ia
e.g 14 13 17 7 18 18 10 4 11 I

7 52

Literals Long s
si iii in EI

x x ̅ m Xn x ̅ A A An An
and B B m BmBm c

subset

Sum
paddingper clause

1 Recast 3SAT as subset probleet T 33 m 3 1 1 m 1 X literals x x ̅ x2 x ̅ xn.tn
clause xVxV̅x3 set x ̅ 33C

n variablesm clauses Goal find SCX sit
a foreachclauseCi Cins

for subset of Aj's Ai's Bi's summingto D
6 foreach scontains of x

2 Start making s
we use mtn digits base4

Cith digit of D 3 only if D include for theliteral x

Aj F for some Xj x ̅ in C paint A 0 1 it 1 0 0

mg.gs qEreFEaFFe
for eachclause Ci set Cith digit

Xjth digit of D 1 1 is x i else 0

set xjthdigit to 1 else 0includes exactly one of Aj Fj similar for the literal x ̅


































































SubsetSum

Theorem A polytime algo for subset sum Input xx men
Goal find a subsetof Xi'sthatsumto

decisionversion decideifsuchasubsetsumexists

implies a polytime algo for SAT e.g 14 13.17 7,18 18 10 4 11 I
7 52

Literals

X x inxn.tn
AYE AnAn
and B BTBmBm

3 SAT instance ÉÉs t
x Xan XpEIN

flxyn.tn xVXzVxz Am TEN

Yes No for subsetXi Xz m XpEIN
TE IN Sum

Sey idea numbers are bit strings too
use many digits
eachdigit encodes 1 constraint




















































































































































































































































































