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multiply(x[1..zn],y[1..n]) = the (2n-bit integer) product of x and y
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Trgemenr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ I plemeny Spec

multiply(x[1..n],y[1..n])

1. If n =0 then return 0.
2. If n =1 then return x[1] * y[1].

3. If n is not even then pad x and y with a leading 0, making n even.

1 0(n).

4. Let x; =x[1..n/2], xo = [n/2+ 1..n], y1 = y[1..n/2], and
y9 =y[n/2+1..n] (as n/2-bit integers). 1/ 0(n).

5. Let x3[1..n/2+1] = x1 + x9 and y3[1..2/2+ 1] = (y1 + y9) (as
(n/2 + 1)-bit integers). 17 0(n).

6. Let Z1 =multiply(x1,91), Z9 = multiply(xg,y2), and
Z3=multiply(x3,y3). 13T ((n+2)/2).

/* Note that multiplying by 2" is just a bit-shift and takes O(n) time. */

7. Return 2" « Z1 + 2M%(Z3 — Z1 — Z9) + Zo
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multiply(x[1..z],y[1..2])

1. If n = 0 then return 0.
2. If n =1 then return x[1] * y[1].

3. If n is not even then pad x and y with a leading 0, making » even.
1 0(n).

4. Let x1 = x[1..2/2], x9 = [n/2+1..2], y1 = y[1..n/2], and
y2 =y[n/2+1..n] (as n/2-bit integers). 7 0(n).

5. Let x3[1..n/2 +1] = %1 + x9 and y3[1..2/2 + 1] = (y1 +y2) (as
(n/2 +1)-bit integers). 7 0(n).

6. Let Z; =multiply(x1,91), Zo =multiply(xg,y2), and
Zs =multiply (3, ps). 13T ((n+2)/2).

/* Note that multiplying by 2" is just a bit-shift and takes O(n) time. */

7. Return 2" « Z1 +2"%*(Z3 — Z1 — Zy) + Z
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’L“w multiply(x[1..z],y[1..2])

1. If n = 0 then return 0.
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2. If n =1 then return x[1] * y[1].

3. If n is not even then pad x and y with a leading 0, making » even.

10(n).
4. Let x1 = x[1..2/2], x9 = [n/2+1..2], y1 = y[1..n/2], and
'4- - ~s y2 =y[n/2+1..n] (as n/2-bit integers). 7 0(n).
L3
" 3 h 5. Let x3[1..n/2 +1] = 1 + x9 and y3[1..n/2+1] = (y1 + y2) (as
[ ] “ (n/2 +1)-bit integers). 7 0(n).
.
1 ' ‘ 1 6. Let Z; =multiply(x1,91), Zo =multiply(xg,y2), and
\‘ " Zs =multiply(x3,3). 13T ((n+2)/2).
~~ ¢‘~ /* Note that multiplying by 2" is just a bit-shift and takes O(n) time. */
'O ~1—' «
" “ 5~~ 7. Return 2" x Zy +2Y%(Z3 — Z1 — Zy) + Zy
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multiply(x[1..z],y[1..2])

1. If n = 0 then return 0.
2. If n =1 then return x[1] = y[1].

3. If n is not even then pad x and y with a leading 0, making » even.
7 0(n).

. Let x; = x[1..n/2], xo = [n/2+1..n], y1 = y[1..n/2], and
y2 =y[n/2+1..n] (as n/2-bit integers). 7 0(n).

~

5. Let x3[1..n/2 +1] = %1 + x9 and y3[1..2/2 + 1] = (y1 +y2) (as
(n/2 +1)-bit integers). 7 0(n).

6. Let Z; =multiply(x1,91), Zo =multiply(xg,y2), and
Z3 =multiply(x3,y3). 13T ((n+2)/2).

/* Note that multiplying by 2" is just a bit-shift and takes O(n) time. x/

7. Return 2" « Z1 +2"%*(Z3 — Z1 — Zy) + Z
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R “““\“3 i\me multiply(x[1..z],y[1..2])
1. If n = 0 then return 0.

2. If n =1 then return x[1] = y[1].

3. If n is not even then pad x and y with a leading 0, making » even.

1 0(n).
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y2 =y[n/2+1..n] (as n/2-bit integers). 7 0(n).

5. Let x3[1..n/2 +1] = %1 + x9 and y3[1..2/2 + 1] = (y1 +y2) (as
(n/2 +1)-bit integers). 7 0(n).

6. Let Z; =multiply(x1,91), Zo =multiply(xg,y2), and
Z3 =multiply(x3,y3). 13T ((n+2)/2).

/* Note that multiplying by 2" is just a bit-shift and takes O(n) time. x/

7. Return 2" « Zy +2"%(Z3 — Z1 — Zy) + Zy
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Mateix  Multiphcation

Let A and B be two n X n matrices.



Let A and B be two n X n matrices.

Mt Mu\‘\'\p\'\co‘x\"\ovx (AB);; ZAszkj

AB = An Awp) (Bu B _ A11B11 + A12Byy A11312+A12322
A Az ) \Ba Bz A1 Bi1 + Ay By A1 Bia + A Boy

SYcassen , 14694



Then

RLGY

(A11 + Ago)(Bi11 + Bog) = A11B11 + A2eBi1 + A11 B + A11 B
(A11 — A21)(Bi1 — Bia) = AuBi1 — A1 Bin — A Big + A Bio
(Aig — Ag1)(Ba1 + Bag) = A12B1a — Ay By — A1 Boy + A12Bs)
A1 (B — Ba) = A11(Biz — By)
(Ai1 + A12)Bag = A11Bgy + A12By
(A11 + Ag)(Bi11 + Bag) = A11Bii + A11Bii + A By + A By
(A11 — A21)(Bi1 + Bi2) = AuuBi — A1 Bii + AuBia — A2 By

A91B11 + A9 Ba1 A9 Bis + Ay B

B ((4.3) + (4.4) — (4.7) + (4.5) (4.6) + (4.7) )
B (4.8) + (4.4) (4.6) + (4.3) — (4.8) — (4.9)

(AuBu + A12By1 A11Bia + A12322>
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Exercise 4.1. Above we observed that two degree n polynomials p(x) and ¢(x) can be
multiplied in O(nlog n) time. Consider the case when the degrees are very unbalanced;
say, p(x) has degree n and q(z) has degree k for £ < n. Design and analyze an
algorithm computing the product p(z)q(z) in O(nlog k) time.



Exercise 4.2. Let p(z,y) = X% X7 a;x*y’ and q(z,y) = Xy X7 bz'y’ be two
multivariate polynomials each with maximum degree m in x and maximum degree n
in y. Consider the product r(z,y) = p(x,y)q(z, y), which has maximum degree 2m in
r and maximum degree 2n in y. It is easy to see that r can be computed in O(m?n?)
time with nested loops. Design and analyze a faster algorithm computing the product
T.



