























































































Selection Closest Pair


























































































Undergraduate
welcome to mandate Algorithms

fundamentalalgorithms.com

Highlights

Awesome TA's

2 midterms final

weekly homework

drop lowest 20 of HW scores

late resubmit HW policy

Please read thesyllabus

will ask for questions next class
















































































Selection

Input n comparable elem A 1 n KEEN

Goal Kth smallest element of A 1 n

e.g median k 2 of

10 15,6 77 91 70 24 38 27 64 20 6.5

Obv approach sort A look up kth smallest

O n log n

Better
















































































Designing a recursivealgorith
Recursive specification

it Iiiiication
Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n sp

select ATI n K given array AF n

and rank k return rank element

of comp
element









































































Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsuisin
inductionhypothesisforcorrectness

Implementspec

Recursive specification

wanna induction on n sp

Provecorrectness
arguealgosatisfiesrecursive







































































Designing a recursivealgorith
Recursive specification

EEiitEIE
cation

Implementspec
Provecorrectness
arguealgosatisfiesrecursive
forall n byinduction on n spImplement spec

thought experiment suppose O n time subroutine

how to

ustlantingthpmentpivotl pivot
















































































Find median
median

MZMMZMKKZZZZMNZM.KZ ZAMZAM

divide input
median median

212222222222 M MANNN Ahhhhh

Vrecurse on appropriate half
k













































Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsasin
inductionhypothesisforcorrectness

Implementspec

Recursive specification

wanna induction on n sp

Provecorrectness
arguealgosatisfiesrecursive

Implement spec
thought experiment suppose Oln time subroutine
















































































Running time

T n T n 2 Oln
findmedian

n n mammnamnzaaznai.it nannam

divideinput
median median

zannnnnnnzzn.ms unannahaha

recurse on appropriate half
y

on time















































































Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsuisin
inductionhypothesisforcorrectness

Recursive specification

foran n byinduction on

Implementspec
Provecorrectness
arguealgosatisfiesrecursive

Implement spec
thought experiment suppose Oln time subroutine

Problem don't have

Ocn time

New thought experiment Oln time

suppose Oln time subroutine
















































































find approx median

approx median

MZMMZZZZZZZZMMZMZZ.hn MMMM

divide input
approx median

Uh NNNZZYZMNZZM.KZ Ahhhhh ohh

recurse on appropriate half v
somewhat unbalanced

b




























Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsasin
inductionhypothesisforcorrectness

Implementspec

Recursive specification

wanna induction on n sp

Provecorrectness
arguealgosatisfiesrecursive

Implement spec
thought experiment suppose Oln time subroutine
















































































Running time

T n T 110 to n

n find approxmedian
approxmedian

n mhmhhhhhhhhhn.name haznanam

divide input
n approxmedian

2h am ah hah ah ahhhhh ahhhhh ah

recurse on appropriate half
a

O n same as before

Constantel









































































Remains to implement

it
H n

in 15 1 n

median his 110 15 87
has also Ion 8Bn

T n T 5 7 9 10 to n
109109h logogh

Eoc's in on

21
10910,911 10

10,10910941
10 09,0 gh
















































































Median of medians Blum Floyd Pratt
Rivest Tarjan 72

A

Wedian Median mediant

Ns
B

Idiane cursive

pivot p
















































































A
n

claim Tian'Tmedianemediatt

M of M pivot p has rank Ms

3T I rank p 170 5 Tediancrecursive
pivotp
















































































claim A

WianTianmedi.TT

112
M of M pivot p has rank

f rank p f s hygeursive

_Bsorted

MMM 882 Y

315 888 88 1

ns
eachBlymammamazza column
sorted

22 AM 22

sann 2N
M def smaller 7h def bigger In 4

In
















































































claim
Indian media

M of M pivot p has rank us

0 IrankCp 178 5 Tegitecursive

B sorted 7

unkimmmmmm
mis

each

B MMMM MMMM MMMM
column
sorted

MMM MMM
MM MMMMM

M def smaller Medes bigger

3 12 3 370
















































































Median of medians Blum FloydPratt
Rivest Tarjan

A

n

Ledian Median median Y

Ms
B

fediancrecursive
TCM Oln pivot p
time




































find approx median A
approxmedian

MLMhhhh 22222222922229223 Ledianfedianmediant
divide input

approxmedian Ms
ZAMNNZNZMMNZZNKZNZNNZI.KZ B

v Tediancrecursiverecurse on appropriate half
k pivotp
















































































T n
T 5 T 6 ocn

n n

3 70 n

s no In

125 750 7150 4,17 Pn
5 705 n




















Elfin



Tcn T E T E Ocn

n
n

E n

49 Estoin

shothn



Css 110 hm

s E in O n

1,1

log so

0,0



Minimum Euclidean distance

Input n points in 1R

Goal min distance over all pairs
1 x yl Fitly for x yeR

O m obvious Better



Warmup I dimension Call y coordinates o



Warmup I dimension Call y coordinates o

Approach 1 sort and scan Oln log n

hard to generalize to R2



Warmup 1 dimension all y coordinates 0

sproach1 sort and scan Onlogn
hardtogeneralizeto R

Approach 2

Split at median recurse

Compare w min pair across split
n logh like mergesort

seems to generalize better



Approach 2

Generalizing to R split at median recurse

Compare w min pair across split

split at median x coordinate

2 recurse on each half

let S min distance from

the two halves

3 look at vertical band
of width 28 around median as
compute min distance

inside band



Split at median x coordinate Approach2

Splitatmedian recurse
2 re curse on each half

Compare w min pair across spl
let s min dist from two halves
look at vertical band of width 28around median line

4 compute min distance inside band

Observations

very narrow

points on left side have min distance 28

points on right side have min distance 28

Intuitively not dense

fewer comparisons needed



splitatmedian x coordinate Approach2
verynarrow

recurse on each half I leftsidehavemindistance g split atmedian recurse
let s mindist from twohalves compare w min pair across sppoints on rightsidehavemindistance28lookat verticalband ofwidth28aroundmedian
computemindistanceinsideband Intuitively not dense

fewercomparisonsneeded



Observations
a median coordinate

verynarrow
points on leftsidehavemindistance 8
points on rightsidehavemindistance IS

Intuitively notdensefewercomparisonshee
2

I

S
m





verynarrowftp
s estsidehavemindistance 8

points on rightsidehavemindistance28
Intuitively notdense fewercomparisonsneed



p estsidehavemindistance28Running time
verynarrow

points on rightsidehavemindistance28
Intuitively notdense fewercomparisonsneed

Ten 2T n 2 Oln OG log n



Multiplying n bit integers
Karatsuba

Input X y E 0,137

Output product Xy 0,132m

1234

5671

O n time

Better


