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@ Implemeny spec
@ Peove cocrectness

select(k,All..n]): Given an array A[l..n| of comparable elements and
an integer k € {1,...,n}, returns the kth smallest element out of A[l..n].
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Togemesr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ Implement spec
ﬂ»oug\n‘\’ expeciment: suppose Oln)-Yime subroutne

median(A|l..n]) = select(|n/2]|, A[l..n])
= the |[n/2]th smallest element out of A[l..n|.
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Trgemenr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ Im plemeny spec

median(A[l..n]) = select(|n/2], A[l..n])
= the [n/2]th smallest element out of A[l..n].

select(k,A[l..n])

/% select(k,A[l..n]) = the kth smallest element in A[l..n|. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties arbitrarily.) */

1. If n <10 then find the kth element by brute force.

Let p = median(A). /] We assume a linear time subroutine for median(A[l..n]).
If kK = [n/2] then return p.

. If kK < [n/2] then return select(k,B), where B[1..[n/2]| — 1] is an array of the [n/2] — 1
elements smaller than p.

5. If kK > [n/2] then return select(k — [n/2], B), where B[l..n — [n/2]] is an array of the
n — [n/2] elements larger than p.
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select(k, A[l..n])

/* select(k,A[l..n]) = the kth smallest element in A[l..n]. We assume the elements in A are

- [ 3
i ’l“““\n% *\‘Y\e' distinct for simplicity. (Otherwise, break ties arbitrarily.) */

1. If n <10 then find the kth element by brute force.

2. Let p = median(A). /] We assume a linear time subroutine for median(A[l..n]).
3. If £ = [n/2] then return p.

4. If k < [n/2] then return select(k,B), where B[1..[n/2] — 1] is an array of the [n/2] — 1

- “ elements smaller than p.
n - /a O h 5. If k£ > [n/2] then return select(k — [n/2],B), where B[l..n — [n/2]] is an array of the

n — [n/2] elements larger than p.
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Troemesr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ I:Vnp\e.me,n‘\" spec

’Hwoug\n‘\’ expeciment: suppose Oln)-Yime subroute

median(A[l..n]) = select(|n/2], A[l..n])

= the [n/2]th smallest element out of A[l..n].

Problem: don™ hove
O(n)=Fime, median(A[l..n])
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select(k, A[l..n])

/% select(k, A[l..n]) = the kth smallest element in A[l..n]. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties arbitrarily.) */

1. If n <10 then find the kth element by brute force.
2. Let p = median(A). /] We assume a linear time subroutine for median(A[l..n]).
3. If k = [n/2] then return p.

4. If k < [n/2] then return select(k,B), where B[1..[n/2] — 1] is an array of the [n/2] — 1
clements smaller than p.

5. If k > [n/2] then return select(k — [n/2], B), where B[l..n — [n/2]] is an array of the
n — [n/2] elements larger than p.

Ot) Yime

apx-median(A|[l..n]) returns an element p € A[l..n] with rank between

n/10 and 9n /10, in O(n) time.
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select(k,A[l..n]): Given an array A[l..n] of comparable elements and @) Trgemenr spec
an integer k € {1,...,n}, returns the kth smallest element out of A[1..n]. @) Prove correctness

@ Im plemeny spec

apx-median(A|[l..n]) returns an element p € A[l..n] with rank between
n/10 and 9n /10, in O(n) time.

select(k, A[l..n])

/* select(k,All..n]) = the kth smallest element in A[l..n]. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties consistently.) */

1. If n <10 then find the kth element by brute force.

. Let p = apx-median(A). // O(n) time by assumption.
. Compare p to each element in A[l..n] to identify its rank /. // O(n).
. If k = ¢ then return p.

. If k < ¢ then return select(k, A[l..£ — 1]), where B[1..¢ — 1] is an array of the £ — 1
elements smaller than p.
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6. If & > ¢ then return select(k — ¢, B), where B[l..n — /] is an array of the n — ¢ elements
larger than p.
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select(k, A[l..n])

/% select(k, A[1..n]) = the kth smallest element in A[l..n]. We assume the elements in A are
distinct for simplicity. (Otherwise, break ties consistently.) */

. If n <10 then find the kth element by brute force.
. Let p = apx-median(A). // O(n) time by assumption.
Compare p to each element in A[l..n] to identify its rank £. // O(n).

If k = ¢ then return p.

If k < ¢ then return select(k, A[1.. — 1]), where B[1..£ — 1] is an array of the £ — 1
elements smaller than p.
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6. If k > ¢ then return select(k — ¢, B), where B[l..n — (] is an array of the n — ¢ elements
larger than p.
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apx-median(A4]|1l..n]) returns an element p € A|1..n] with rank be-
tween 7/10 and 92/10, in O(#n) time.
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select(k, A[l..n])

/* select(k,All..n]) = the kth smallest element in A[l..n]. We assume the elements in A are

distinct for simplicity. (Otherwise, break ties consistently.)

1. If n <10 then find the kth element by brute force.

g A~ W DN

than p.

. Let p = median-of-medians(A).

. Compare p to each element in A[l..n] to identify its rank ¢.

. If kK =/ then return p.

*/

. If k < ¢ then return select(k,B), where B[1../ — 1] is an array of the £ — 1 elements smaller

6. If £ > ¢ then return select(k — ¢, B), where B[l..n — /] is an array of the n — ¢ elements
larger than p.




Te)=

T+ T(2) 4 o)

S Sk
P s
P A 3
’ | |
I 1
. ‘\ I
‘ '
\ ('
R R A N
K e
-y ¢ e
> =3 R il
¢ S ’
Tt e
.' n \‘ I} 7 1
‘ i X n ¢
. 5 ! ‘\ -~ l.
N q
. , . \O o
' .-—"‘ ~. "(
, s - “
I' K : ‘
LN 'S o=
. X . , ~ > ~
\ ’ s R )8 *
A R S A RN L P
&' N 50 4 ‘\ 50 " k oC :
Y 4 * !
aym” ~.-—" ~~. - ‘ ~~ "
- Sm=






M.W\.\W\\M‘Y\ E\I\CX\&Q‘“\ CA\S’( oanc
'In?u'\': N pomis In R

Goal: M disTance ovee o\l paies



\I\Io«mup: 1 dimension (ol v-coorclmdtes = 0)




\I\Io«mup: 1 diwmension (ol v-coorclmdtes = 0)

a N
S o o o o o o o

AW(DQD\'\ K so\ O\V\A Scan. OC\(\ \09 h)
(ha(cj 1o ée,hera,fze B %72>



\No«mup: 1 dimension (ol v-coorclmdtes = 0)

(oo e o o o o o o
Agpeoshl s and scan. Olnlog )
(horel 1o genecalize 15 §7)
Approach 3.

Sp\'\'\' AT mediom , (eanrse
Compoxz w/ ™ \n \Doiw "N-ﬂ»; 5@\'\‘\'
O(h\ogﬂ

seews 1o ée,r\efo\\\ze Cettec



. Approach 3.

.« o p R : .
C?ene.ra\\z\né Yo B SR 4 wediom, cosnrse
E CDW\?Q(Q w/ ™M ?1'\(' HO\Q(D;: 5@\‘-\'

\. SP\.\'\' Al medion A~ Coof dnaYe

A Teunse on coh Mol @
et $=min dfonce Srom
‘“'\c o M\VE.S ® ¢ ‘

3. look of “VerTicol bomd ¢ L ®
S widkh 9 oround medion ® Tei A8

1. compie v dictance o o
inside Sand



\. Sp\.\'\' a-\' W\QA.\O‘\‘\ X-COO('&\V\&Q/ A??t ooch .

Q reune on eodh Ny, SPIT &1 mediom, eswese
’ . . \'ﬁ C»om‘:qu wl W ey ACCOsS sQ\i‘\'
le¥ $=min A Scom Fwo halves

3. look 6T “verTicol banmd oF widkh 9 ocound medion e

o f Compuie wwn disovce thside Sand o

Obsecvalions |
* Nery vnoCow p
* pomls on V5N side hove win didlonce 25
o
o powils on At side hove Wi didlne 23 ®
Tivacy Wiyt nSU  dense,
Sewer compocisons heeded



\. split A medion X~Coordwmare A??t ooach .

2 reure on e ol
let $=min A Srom Two olves

3. look af “ver¥icol bond . & wid¥h D9 oround medion

° Ver\l noCow

s ._V .
* powls on V&Y side heve win dislnce 29 PIY &Y ymediom , Yreurse

° Pd\“TS on ('\%\\‘\ S\AQ, \'\o\\lt YV\\“ a\S‘Q“Q ?_é CDMPQ‘(Q W/ win W\( AC(OsS W\‘-\-

xh‘\\iﬂivz)\,: wS¥  dense,
Yewer compocisons heeded

min-distance(P)

/*x We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */

1. If n <1 then return +o0.

2. If n = 2 then return the distance between the two points in P.

3. Let a be the median of the x-coordinates. // O(n)
/* Divide P along the vertical line x = a *x/
4. Let Py ={(z,y) € P:x<a}and P, = {(z,y) € P:x > a} /] O(n)
/* Find the minimum distances within each half P, and Py recursively. */

5. Let §; = min-distance(P;), 0o = min-distance(FP), and 6 = min{dy, d}.

/] 2T(n/2)

/* It remains to find the minimum distance across Py and Ps. */

6. Let P3 = {(z,y) € P:|x —a| <J} and let py, ..., px list P3 in decreasing order of
y-coordinate. // O(n)

7. Let 03 be the minimum of ||p; — p;|| over all 4, j with i < j < i+ 10. // O(n)
8. Return min{d, d3}.
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Lemma 11.3. Let b € R. There are at most 10 points in P with coordinate in the

rectangle [a — 0,a + 0] X [b — 6,b],

L=[a-06,a)x[b-06,b] and R = [a,a+ 6] X [b—6,b]

min-distance(P)

/x We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) *

1.
2.
3.

If n <1 then return +oo.

If n = 2 then return the distance between the two points in P.

Let a be the median of the z-coordinates. // O(n
Divide P along the vertical line x = a *
. Let P, ={(z,y) € P:x <a}and P, ={(z,y) € P:x>a} // O(n
Find the minimum distances within each half Py and P» recursively. * é
. Let 6; = min-distance(P;), 6> = min-distance(P,), and § = min{dy, d2}. ‘
// 2T (n/2
*

It remains to find the minimum distance across Py and Ps.

. Let Py ={(z,y) € P: |z —a| <4} and let py,...

y-coordinate.

. Let d3 be the minimum of |p; — p;|| over all i, j with i < j <+ 10. // O(n
. Return min{d, d3}.
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Lemma 11.3. Let b € R. There are at most 10 points in P with coordinate in the

rectangle [a —d,a+ 6] X [b-90,b], Ih‘\‘vlt\'iw)\r. vt dense, Sewer compacisons needed

N (ab)

min-distance(P)

/*x We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */
1. If n <1 then return +o0.

2. If n =2 then return the distance between the two points in P.

3. Let a be the median of the z-coordinates. // O(n)
/* Divide P along the vertical line x = a *x/
4. Let P, ={(z,y) € P:xz <a}and P, ={(z,y) € P:x > a} // O(n) ® ®
/* Find the minimum distances within each half P, and Py recursively. */

5. Let 0; = min-distance(Py), 02 = min-distance(FP,), and § = min{d, o }.
// 2T (n/2)
/* It remains to find the minimum distance across Py and Ps. */

6. Let P3 = {(z,y) € P:|x —a| <J} and let py,...,pg list P3 in decreasing order of
y-coordinate. // O(n)

7. Let 63 be the minimum of ||p; — p,|| over all 4, j with ¢ < j <1+ 10. // O(n)
8. Return min{d, d3}.

®
(&

3



® very nociow
s powls on V&Y side have win dsonce 29

Runing i
“““ e' * porls on gt side have Wi Adonce 29
Truifivly: wot dense, Yewer comparisons heeded

min-distance(P)

/*x We assume P is sorted by y-coordinate. (Otherwise sort P once in a preprocessing step.) */

1. If n <1 then return +oo.

2. If n =2 then return the distance between the two points in P.

3. Let a be the median of the z-coordinates. // O(n)
/* Divide P along the vertical line x = a */
4. Let P, ={(z,y) € P:x <a} and P, = {(z,y) € P:x > a} /] O(n)
/* Find the minimum distances within each half Py and P recursively. */

5. Let 0; = min-distance(P;), do = min-distance(F,), and 6 = min{dy, d2}.

/] 2T(n/2)

/* It remains to find the minimum distance across Py and Ps. */

6. Let Ps ={(x,y) € P:|r —a| <4} and let py,...,pg list P53 in decreasing order of
y-coordinate. /] O(n)

7. Let 03 be the minimum of ||p; — p;|| over all 4,5 with ¢ < 7 < i+ 10. // O(n)
8. Return min{d, d3}.
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